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Abstract 
New method of solution of the motion equation of the mechanical system with higher degree of freedom is applied on the 
investigation of the vertical vibration of the vehicle. Mechanical model is composed from three spatially elastically supported and 
bounded bodies. Model represents the chassis of railroad vehicle with elastic and dissipative elements. Proposed method enables 
to determine the vertical displacement of the arbitrary point of the system. 
© 2014 The Authors. Published by Elsevier Ltd. 
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2014.  
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1. Introduction 
The rail vehicles represents complicated system composed of many mutually connected bounded bodies with 
higher values of degree of freedom. Design of the new rail vehicle or optimization of the contemporary one with 
respect to its driving characteristics (stability) represents the challenging task for the mechanical engineers equipped 
by modern computational technique. Timoshenko [1] was the pioneer investigator of the dynamics of the rail 
vehicles. The most common method for investigation of the rail vehicle is application of the simplified numerical 
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model of the system composed by several mutually connected bodies, where the vertical vibration of the specific 
point is investigated. The system is excited by exactly defined external force in the certain point or it is being excited 
by vehicle movement over road obstacles or jumps on the vehicle track. The summary of the computation methods 
of the mechanical system dynamic gives Shabana et al. [15]. For the model of the rail vehicle the standard methods 
are commonly applied, e.g. FEM used by Stribersky et al. [2] or neural networks by Sayyaadi [3]. Cheli et al. [4] 
solved the system with 68-degree-of-freedom, where FEM software was utilized. Another approach to solve the 
vehicle vibration and thus the ride quality investigation was performed by the synthesized performance analysis with 
modal parameters (SPAMP) method, Zhou et al. [10]. Comfort quality of the high speed trains was also investigated 
by Diana et al. [11].Currently, the investigation of the vehicle vibration turn over to the effect of the interaction 
between vehicle wheels and track surface, where model contents the model of the track as well Gong et al. [5], Hou 
et al. [6], Zhai et al. [9] and Lombaert et al. [16]. Popp et al. [14] consider the elasticity of wheelsets and track in his 
analytical model. In common cases the track has high values of degree of freedom, e.g. 569 Nielsen et al. [7]. A 
review article of track and vehicle/track interaction at high frequencies was performed by Knothe et al. [8]. Also the 
type of the suspension of the vehicle and the effect on the dynamics behavior of wagon was investigated; the 
pneumatic suspension Docquier et al. [13] semi-active suspensions Wu et al.[12]. The article presents the algebraic 
method for solution of the vertical vibration of the bodies system with higher degree of freedom.  
2. Materials and methods 
The proposed method of solution of the motion equation of the mechanical systems can be applied on the systems 
with higher number of degree of freedom p > 3. Due to extension of the theme, it is impossible to submit the method 
application for the general case of motion equation of the mechanical systems. But the proposed method is applied 
with limitation for the solution of vertical vibration of the vehicle model. The solution progress is presented on the 
mechanical system composed with three bodies. The bodies are spatially elastically supported and bounded. The 
model consists of the rail chassis vehicle with elastic and dissipative elements. The vehicle frame has determined 
mass m and inertia moments Jx, Jy and deviation moments Dxy = Dyx to axes passing through the center of gravity T. 
The model also consists of two wheelset with masses m1 and m2 and inertia moments Jx1, Jx2, Jy1, and Jy2 and 
deviation moments Dxy1 = Dyx1, Dxy2 = Dyx2 to axes passing through the center of gravity of the wheelsets T1, T2. 
This limitation of the number of bodies and number of degree of freedom (three for particular bodies of the 
system) is not the detriment of the method, i.e. it could be possible to present the method for the mechanical system 
with higher number of bodies and higher degree of freedom p d 6. 
For the assume case with nine degree of freedom p = 9, the nine coordinates are need to be determined: vertical 
displacement of center of gravity for each body wT, wT1, wT2, rotation angle of each bodies around the axes x, y, x1, 
y1, x2, y2 passing through the center of gravity of particular bodies Mx, My, Mx1, My1, Mx2, My2 with relation to the general 
displacement qj(t). 
> @221121 ,,,,,,)( yxyxTTj wwwtq T MMMM , for j = 1, …, q. (1) 
The vertical displacement arbitrary point wj(t) of the system can be calculated by determination of these nine 
components of the general displacement. The vertical displacement is the function of the point coordinates, system 
coordinates and components of the general function 
 iiyxyxTTTjj yxwwwwtw ,,,,,,,,)( 21211121 MMMM . (2) 
It is possible to perform the derivation of the motion equation by second order Lagrange equations, which for our 
case can be described 
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The kinetic energy appears in the equation 
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where wj is vertical displacement of the elastically support or joint in the point j, i.e. spring deformation by length 
change of the j spring with stiffness kj for j = 1, …, mk. 
Rayleigh´s function of the dissipative energy 
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where ሶ j is vertical component of velocity of the point j, linear viscosity dumping j = 1, … mb has coefficient of 
the dumping intensity bj. 
The vector of the generalized function of the excitation forces Qj(qj, ݍሶ j, t) has the vector of the generalized 
coordinates according to (1) 
^ `TyxyxyxTTTj wwwq 221121 ,,,,,,,, MMMMMM .  (7) 
After substituting the equation for wj expressing vertical displacement in the point j with dependency on the 
components of the generalized coordinate vector qj(t) according to (2) and after implementation of the relevant 
derivation and after arrangement, the system of the differential equations, which can be expressed in the matrix form 
(8) is obtained 
),,()()()( tqqttt jjjjkjbjh  QqMqMqM   , for j = 1, … 9. (8) 
The matrix element of the mass Mh are Ƚഥ୧୨, the matrix elements of the dumping Mb are ത ij, the matrix element of 
the stiffness Mk are തij. We get the equation by multiplying the equation (8) by diagonal matrix D(dii) from left side 
),,()()()( tqqttt jjjjkjbjh  DQqDMqDMqDM   , (9) 
where diagonal elements of the matrix D are dii = Ƚഥ୧୧ିଵ, and Ƚഥ୧୧ are diagonal elements of the matrix Mh. After 
arrangement we get the equation 
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)()()()( ttqtqtq jjjj FKBM    , for j = 1, … 9,  (10) 
where mass matrix M is possible to express by form 
M = E + H ,  (11) 
where E is unit diagonal matrix and matrix elements H = (hij) are given by  
hij = 0, for i = j = 1, 2, ……, 9   (12) 
1.   iiijijiiij dh DDD , for i ≠ j.  (13) 
If Dxy = Dyx = 0; Dxy1 = Dyx2 = 0; Dxy2 = Dyx2 = 0, the elements are hij = 0 for i z j, the matrix H = 0. The matrix H 
= (hij) defines distribution of the mass of the particular bodies relative to central axes of the body, i.e. for hij z 0 the 
mass is asymmetrically distributed, for hij = 0 the mass is symmetrically distributed and central inertia axes of the 
body are main axes. 
The elements of the dumping matrix B are given by  
ijiiij bdb  .  (14) 
The elements of the stiffness matrix K are given by  
ijiiij ada  .  (15) 
The components of the generalized excitation function 
)()( tQdtF jiij  .  (16) 
It is possible to solve the system of differential equations (10); and the system of the arranged motion equations 
(8) by application of the Laplace´s integration transformation (s – parameter of the transformation), by which the 
linear algebraic equation is obtained 
)()(. sFsq jj  G ,  (17) 
where matrix elements G are given by expressions 
ijijij asbsg  2 , for i = j  (18) 
ijijij asbg  , for i ≠ j  (19) 
but for i = 4, 6, 8 and j = i + 1, or i = 5, 7, 9 and j = i – 1 is valid  
ijijijij asbshg  2 , where according to (28) is   (20) 
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1 iiijijh DD .  (21) 
It is possible to obtain the solution of the algebraic equations (17) by various methods. The Cramerius rule best 
fits to our case, with respect to the reverse transformation of the images ݍതj(t), to determination of the frequency and 
amplitude analysis of resulting time curve of the original component of the coordinate qj(t) and with respect to 
relatively low degrees of freedom. 
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where determinant of the system D(s) is given by polynomial expression  
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The determinant Dj(s) arise by substitution of the j column of the determinant D(s) by vector ܨത i(s). The 
determinant Dji(s) is algebraic supplement of the determinant development Dj(s) according to i element and j column 
of the vector ܨത(s). The ratio of the determinants Dji(s) and D(s) is necessary to arrange due to reverse transformation 
of the image ݍതj(s). The ratio and its product with ܨതj(s) have to meet the conditions, which are in compliance with 
theorem of the image of convolution. The determinant Dij(s) is possible to rewrite to polynomial form 
¦
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For the Laplace’s transformation it is suitable to decompose the determinant ratio Dji(s)/D(s) i. e., purely 
fractional ration function decompose to partial fraction by method of the indeterminate coefficients. The zero point 
of the polynomial has to be evaluated (23) from this reason. Some software allows it, e.g. Mathematica, Maple, 
Matlab etc. For solution of the frequency equations of undumped and dumped mechanical systems, the own method 
of solution of zero points was proposed. 
There are several combination of zero point during solution of frequency equations D(s) = 0, according to (23). 
The zero points can have the form of the complex conjugated numbers or real numbers less than zero for dumped 
mechanical system. The zero points are conjugated imaginary numbers when the mechanical system is undumped.  
Then it is possible to express the polynomial D(s) according to (23) in the form of product of the rooted factors, 
and when the An = 1 the following case are possible 
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The ratio of the determinants Dji(s)/D(s) can be expressed in the form  
  ¦
¦
 
 
 


 

 
2/
1
22
,,
2/
1
22
0
,
22)(
)( n
k kk
kjikji
n
k
kk
m
k
km
kji
ji
ss
LsK
s
sd
sD
sD
ZEZE
, where m ≤ n – 1. (28) 
The fraction at the left side of the equation (28) is then summarized. The denominators on the both sides of the 
equation are equal. Then the denominator is given by equation 
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The right side of the equation can be arranged 
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where the coefficients of polynomial on the right side is given by 
01,  nkt , )(12, nnk At    , (31, 32) 
2,
2
1,2, 2   lnkklnkklnlnk ttAt ZE , for l = 3,…, n = 18. (33) 
Then the equation (29) can be rewrote to 
 ¦
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lmjinkjilnkkji dtLtK , for l = 1,…., n = 18. (34) 
where for l = n, tk,n-l-1 = tk,-1 = 0 represents the remainder after division. 
The system of the linear algebraic equations (34) for indeterminate coefficients Kji,k and Lji,k in the matrix form 
GO  T ,  (35) 
where elements of the matrix T(azv) of type (n x n) are given by equations, 
for z = 1,2,…, n = 18, v = 1,2,…    , n/2 = 9  k = v, azv = tk,n-z-1 
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v = n/2+1,…, n = 18  k = v-n/2, azv = tk,n-z , 
 
where expressions tk,n-z are given by equations (33). 
The vector of unknown coefficients  
 TzOO    where for z = 1,…, n/2 = 9,  is kjiz K , O  
         for z = n/2+1,…, n = 18; is kjiz L , O . 
The vector G = Ɂ୸୘ of the right side of the equation (35) has elements which are the coefficient of polynomial 
Dji(s) according to (24) for z = 1, …, n = 8 is Gz = dji,n-z, where elements dji,n-z are coefficient of polynomial Dji(s), 
with dji,n-1 = 0. 
System is necessary to solve for each j and i, therefore j x i times.  
The ratio of determinants is possible to express by equation with determining the coefficients Kji,k and Lji,k. 
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denominator of the fraction on the right side is possible to arrange into the form 
  2222 2 kkkk sss :  EZE ,  (37) 
where 22 kkk EZ  :  is the eigenfrequency of the dumped oscillation, Zk is the eigenfrequency of the 
undumped oscillation and Ek is the coefficient of the linear viscous dumping. Then ratio of determinants is 
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The equation for demanded imagine of the generalized coordinate ݍത௝(s) according to (22) 
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and after arrangement 
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After reverse Laplace’s transformation we obtain the equation for generalized coordinate ݍത௝(s) for j = 1, 2, 3 in 
the form of the summarization convolution integrals  
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After evaluation of the qj(t) it is possible according to (1) determine the time dependency of the vertical 
displacement wi(t) of the arbitrary point in case of (21) variant of polynomial zero point D(s). For different variant 
of the zero points, i.e. according to (26) and (27) it is possible to determine by analogous manner the equations for 
calculation of the generalized coordinate qj(t). In the second case (26) of the polynomial zero point D(s) we arise to 
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In the third case (29) the equation for generalized coordinate is 
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Now it is possible to obtain the vertical displacement of the arbitrary point of the system by evaluation of the qj(t) 
in the different cases (27), (28) and (29) of the D(s) frequency polynomial zero points. 
3. Conclusion 
The proposed method allows solving various vibration tasks for model of vehicle with higher degree of freedom. 
It allows analyzing the effect of the input values, e.g. body geometry and its support, properties of springs and 
dumping, mass distribution, track imperfection; it is simplifying analysis of the resulting motion, including 
frequency analysis. The unicity of the solution can be in advance implemented into the standard commercial 
software (Mathematica, Matlab,…) to solve wide range of the similar described problems. 
Acknowledgements 
This work was supported by SGA (Student Grant Agency) Jan Evangelista Purkyně University in Ústí nad 
Labem. 
References 
[1] S. Timoshenko, Method of analysis of statical and dynamical stresses in rail, Proceedings of Second International Congress for Applied 
Mechanics, 1926, pp. 407–418. 
[2] A. Striberskya, F. Mosera, W. Rulka, Structural dynamics and ride comfort of a rail vehicle system, Advances in Engineering Software, 
Volume 33, 2002, Pages 541–552. 
[3] H. Sayyaadi, N.Shokouhi, A new model in rail–vehicles dynamics considering nonlinear suspension components behavior, International 
Journal of Mechanical Sciences, Volume 51, 2009, pp. 222–232. 
[4] F. Cheli, R. Corradi, On rail vehicle vibrations induced by track unevenness: Analysis of the excitation mechanism, Journal of Sound and 
Vibration, Volume 330, 2011, pp. 3744–3765. 
[5] D. Gong, W. Sun, Jinsong Zhou, Xiaobo Xie, Analysis on the Vertical Coupled Vibration between Bogies and Metro Car Body, Procedia 
Engineering, Volume 16, 2011, pp. 825-831. 
443 J. Soukup et al. /  Procedia Engineering  96 ( 2014 )  435 – 443 
[6] K. Hou, J. Kalousek, R. Dong, A dynamic model for an asymmetrical vehicle/track system, Journal of Sound and Vibration, Volume 267, 
Issue 3, 23 October 2003, pp. 591-604, ISSN 0022-460X, http://dx.doi.org/10.1016/S0022-460X(03)00726-0. 
[7] J.C.O. Nielsen, A. Igeland, Vertical dynamic interaction between train and track — influence of wheel and track imperfections, Journal of 
Sound and Vibration Volume 187 (5), 1995, pp. 825–839. 
[8] K.L. Knothe, S.L. Grassie, Modelling of railway track vehicle/track interaction at high frequency, Vehicle System Dynamics, Volume 22, 
1993, pp. 209–262. 
[9] W. Zhai, X. Sun, A detailed model for investigating vertical interaction between railway vehicle and track, Vehicle System Dynamics, 
Volume 23, 1994, pp. 603–615. 
[10] J. Zhou, G. Shen, H. Zhang, et al. Application of modal parameters on ride quality improvement of railway vehicles. Vehicle System 
Dynamics, Volume 46, 2008, pp.629-641. 
[11] G. Diana, F. Cheli, A. Collina, R. Corradi, S. Melzi, The development of a numerical model for railway vehicles comfort assessment through 
comparison with experimental measurements, Vehicle System Dynamics, Volume 38, 2002, pp. 165–184. 
[12] P. Wu, J. Zeng, H. Dai, Dynamic response analysis of railway passenger car with flexible car body model based on semi-active suspensions, 
Vehicle System Dynamics Supplement, Volume 41, 2004, pp. 774–783. 
[13] N. Docquier, P. Fisette, H. Jeanmart, Multiphysic modelling of railway vehicles equipped with pneumatic suspensions, Journal of Vehicle 
System Dynamics, Volume 45 (6), 2007, pp. 505–524. 
[14] K. Popp, I. Kaiser, H. Kruse, System dynamics of railway vehicles and track. Archive of Applied Mechanics,Volume 72, 2003, pp. 949–61. 
[15] A. A. Shabana, Kh.E. Zaazaa, Rail road vehicle dynamics, a computational approach, BocaRaton, FL: CRC Press London: Taylor & Francis, 
2008. 
[16] G. Lombaert, G. Degrande, et al., The experimental validation of a numerical model for the prediction of railway induced vibrations, Journal 
of Sound and Vibration, Volume 297, 2006, pp. 512–535. 
